A central-force model with the next-nearest-neighbor interaction is studied using a series-expansion technique on a honeycomb lattice. The bulk modulus exponent is calculated and found to be f B ϭ3.96Ϯ0.01. This value is very close to the bulk modulus exponent for the bond-bending model f B ϭ3.96Ϯ0.04, calculated by Zabolitzky and co-workers using a transfer-matrix technique on the same lattice. Our calculation suggests that these two models are in the same universality class.
I. INTRODUCTION
Recently much attention [1] [2] [3] [4] [5] [6] has been directed towards randomly diluted elastic networks. Various models have been studied, such as the central-force model, 1, 3, 5 the bondbending model, 2, 4 the granular disk model, 7, 8 etc. The bondbending model is perhaps the one we understand the best. For this model the bulk modulus B goes to percolation threshold. The bulk modulus exponent f B can be defined by Bϳ͉pϪ p c ͉ f B . Based on numerical result and scaling argument it has been suggested that 4, [9] [10] [11] for the bond-bending model, one has the relation
where is the correlation length exponent for percolation and tϭ(dϪ2)ϩ Re ͑Ref. 12͒ is the exponent for the conductivity of the analogous randomly diluted resistor network defined by ⌺(p)ϳ͉pϪp c ͉ t , where is the conductance of an occupied bond ͑which occurs with probability p͒ and the vacant bonds occurring with probability 1Ϫp have zero conductance. Here Re is the conductivity crossover exponent for the resistor network. In terms of this crossover exponent, we have f B ϭdϩ Re . Zabolitzky et al. 13 have calculated f B for the bond-bending model on a honeycomb lattice by computer simulation using a transfer-matrix method. They found that f B ϭ3.96Ϯ0.04. Using tϭ1.30 ͑Ref. 14͒ and ϭ4/3, we see that Eq. ͑1͒ is almost exact. Recently, further efforts have been made to understand the physics behind Eq. ͑1͒. For instance, it has been proved 15 that the elastic splay crossover exponent 5 SP of the bond-bending model, which is related to the bulk modulus exponent f B ϭdϩ SP , 11, 8, 15 is the same as the conductivity crossover exponent Re for the lattice animal. Using the series-expansion method the elastic splay crossover exponent SP has been calculated 16 on a honeycomb lattice up to 13th order. Most recently, we 17 have extended the series to 18th order which enables us to estimate the exponent very accurately. We found that SP ϭ1.31Ϯ0.02, which is in very good agreement with Re .
In this paper, we consider the randomly diluted centralforce model with the next-nearest-neighbor ͑NNN͒ interaction in two dimensions whose Hamiltonian can be written as
where
and
Here k 1 and k 2 are the elastic coupling constants of the nearest-neighbor sites and the next-nearest-neighbor sites, respectively, u ជ i is the displacement of the site i, and R ជ i, j is the unit vector along sites i and j. The summation in Eq. ͑3͒ is over the nearest-neighbor sites, whereas in Eq. ͑4͒ it is over the next-nearest-neighbor sites. This model has been considered by Garboczi and Thorpe, 18 but with two independent concentrations p 1 and p 2 , for Eqs. ͑3͒ and ͑4͒, respectively. Their study was restricted to the effective medium theory. In this paper, we consider the following random dilution: bonds are present with probability p, absent with probability 1Ϫp. For a given cluster, Eq. ͑3͒ is present for every bond in the cluster, Eq. ͑4͒ is present for sites i and j provided that they are the NNN sites. When k 2 in Eq. ͑4͒ is zero, we obtain the central-force model. At present there is disagreement in the literature as to whether the central force model and the bond-bending model are in the same universality class. Although most calculations 1, 3, 16 suggest that they are not in the same universality class, a recent one 6 suggests that they are. The disagreement may be due to anomalous corrections to scaling, the treatment of which, in turn influences the exact location of the critical threshold, and thereby the determination of the critical exponents. In our model Eq. ͑2͒, all the coupling constants ͑spring constants k 1 and k 2 ) are central force in nature. Imagine that one carries out a real-space renormalization-group ͑RG͒ calculation on the central-force model Eq. ͑3͒, the RG iteration will generate various coupling constants including NN and NNN coupling constants. Hence we may view Eq. ͑2͒ as a renormalized Hamiltonian for the central-force model. Our study of Eq. ͑2͒ will provide useful information about the relationship between the central-force model and the bond-bending model and shine light on this controversial issue as to whether the centralforce model and the bond-bending model belong to the same universality class.
From Eqs. ͑3͒ and ͑4͒ one can construct the dynamical matrix and find all the eigenmodes of lattice vibration. A cluster is defined as rigid if there are only three zerofrequency modes in two dimensions ͑two for translation and one for rotation͒. Note that Eq. ͑4͒ plays the role of the bond-bending term. As a result, a percolation cluster is rigid and we expect that the central-force model with NNN interactions fall in the same universality class of the bondbending model.
In this paper, we have developed a low concentration series expansion up to 18 bonds on a honeycomb lattice. We have calculated the elastic splay crossover exponent SP and found that SP ϭ1.29Ϯ0.01. Recently, we 11, 15 have related the elastic splay crossover exponent SP to the bulk modulus
where is the correlation length exponent. From Eq. ͑5͒, we obtained f B ϭ3.96Ϯ0.01 which agrees very well with the most accurate value f B ϭ3.96Ϯ0.04 for the bond-bending model obtained by Zabolitzky et al. 13 using a transfer-matrix technique on the honeycomb lattice. Our result suggests that the central-force model with the NNN interaction and the bond-bending model are in the same universality class.
II. ELASTIC SUSCEPTIBILITIES AND CROSSOVER EXPONENTS
To formulate the elastic network, it is useful to recall the nature of the crossover from percolation to conductivity in the analogous randomly diluted resistor network, 19 ,20 for which the Hamiltonian, H is
where V b1 ϪV b2 is the voltage difference across the bond b. For this model, the susceptibility (x,xЈ) ͑which plays the role of the correlation function͒ is taken to be
where ⌿ (x)ϭe ϪiV(x) , ͓ . . . ͔ av indicates an average over the random bond variables ⑀ b , Tr indicates integration over all V variables from Ϫϱ to ϩϱ, and similarly for the displacement in the elastic model. One can write
where R x,x Ј is the resistance between sites x and xЈ. We now consider the interpretation of for large . First of all, note that R x,x Ј ϭϱ if sites x and xЈ are not in the same cluster, so that
where x,x Ј is the pair-connectedness function of bond percolation: x,x Ј ϭ1 if sites x and xЈ are connected ͑in the same cluster͒ and is zero otherwise. For large ,
where (p) (x,xЈ) is the susceptibility for percolation and r x,x Ј av ϭ͓R x,x Ј ͔ av ϳ͉pϪ p c ͉ Ϫ Re is the configurationally averaged dimensionless resistance between sites x and xЈ subject to these sites x and xЈ being in the same cluster. One can say that (x,xЈ) defines a percolation problem in the limit →ϱ. This so-defined percolation problem is, of course, identical to the traditional percolation problem. In this formulation 19, 20 the critical exponents describing the randomly diluted resistor network can be expressed in terms of the exponents for percolation and the crossover exponent Re of Eq. ͑10͒. Using the node-link picture, 21 or scaling theory, 12, 20 one obtains
where t is the conductivity exponent. For the elastic network, the analogy would be to define the elastic susceptibility and the elastic crossover exponent. We define two elastic susceptibilities, SR and el , where SR describes the elastic response to the splay distortion and el the response to the extension. The two-bond splay elastic susceptibility is defined 5, 16 as follows:
is the splay order parameter and k is an unit vector perpendicular to the two-dimensional plane. Denoting b,b Ј SR the effective bond angle elastic resistance ͑i.e., inverse of elastic constant͒ for the splay distortion defined as the angular displacement of the two bonds divided by the torque needed to maintain the equilibrium, we have
where G is the Green's function defined as Gϭlim ⑀→ϱ (Vϩi⑀) Ϫ1 , V is the dynamical matrix. From Eqs. ͑12͒ and ͑13͒, we obtain
where 
where b,b Ј is the pair-connectedness function. For small 2 /k, we expand Eq. ͑15͒ in powers of 2 /k:
where SP is the elastic splay crossover exponent which describes the way ͓ b,b Ј SR ͔ av scales with the distance and p (b,bЈ) is the susceptibility for percolation. In the limit k→ϱ, SR (b,bЈ) defines the percolation problem. Therefore, the elastic problem can be described by this crossover exponent SP .
We can also define 15, 16 two-point elastic susceptibility el similar to Eq. ͑12͒:
is the effective two-point elastic resistance between sites x ជ and xЈ ជ . In the critical region, when k Ϫ1 is nonzero, the Fourier transform of SR (b,bЈ) and el (x ជ ,xЈ ជ ) can be written as
where g 1 and g 2 are scaling functions. Here we have introduced another crossover exponent el describing the way the two-point elastic constant scales with the distance. We now use a scaling argument 11, 15, 16 to relate SP and el to f B , the elastic bulk modulus exponent. 
where f is some scaling function. For pϾp c we have
where P(p) is the fraction of sites in the infinite cluster and ⌺(p) is the bulk conductivity. We assume that the form of Eq. ͑20͒ also holds for pϾ p c , in which case it assumes the form written explicitly in Eq. ͑21͒. Then it follows that
Since ⌺( p) is proportional to , we then have
and using the scaling relation ␥ϩ2␤ϭ2Ϫ␣ and the hyperscaling relation dϭ2Ϫ␣ we obtain Eq. ͑11͒.
For the elastic network, we consider the angle-angle correlation function 11, 15, 16 
where g 1 is the scaling function defined in Eq. ͑18͒ and (p) is the shear modulus. We get
By assuming B and to have the same critical behavior, 13 we have
Similarly if we consider the ͗uu͘ correlation function, we obtain another relation 11, 16 f B ϭ͑dϪ2 ͒ϩ el . ͑27͒
From Eqs. ͑26͒ and ͑27͒, we have el ϭ2ϩ SP . ͑28͒
Equation ͑27͒ can also be obtained using the node-link picture or node-link and blob picture. 21, 2, 22 Near the percolation threshold p c , the percolation backbone can be described by the node-link and blob picture, 21, 22 where the system is made up by long one-dimensional strings or links with blobs connected at nodes. Typical separation between the nodes is which is the correlation length for percolation. According to our definition the effective elastic constant for a string is 1/ x,x Ј el . From the node-link and blob picture 21,2 the bulk modulus B scales like 2Ϫd / x,x Ј el , from which we arrive at Eq. ͑27͒.
III. SERIES EXPANSION AND ANALYSIS
To calculate the exponent SP and el , we have developed series expansions in powers of p up to p 18 on the honeycomb lattice for the following quantities:
where b,b Ј SR and x,x Ј el have been defined in Sec. II, the summation ͚ ⌫ is over all clusters, P(⌫) is the associated probability per site that the cluster ⌫ occurs. For the resistor network, two clusters which are topologically equivalent give the same two-point resistance. For the elastic network, however, clusters with different shapes give different values of elastic response. In calculating the series for SR and el we have to count every cluster with different shape, which is very time consuming.
The series up to order p 18 on the honeycomb lattice are presented in Table I . For the model that we considered, because of the NNN interaction, the rigidity percolation threshold is the same as that for the usual bond percolation on the honeycomb lattice, p c ϭ0.6527, so it is much easier to analyze the series.
We have analyzed the series with two different methods, 23 one based on the assumption that there are nonanalytic confluent corrections to scaling and another 24 based on the assumption that there are logarithmic confluent corrections. Nonanalytic confluent corrections to scaling 13 have several origins, including irrelevant operators. They are definitely present in both isotropic and directed two-dimensional percolation and thus must be allowed for in the series discussed in this paper. There is also evidence from simulation by Zabolitzky et al. 13 that there may be logarithmic corrections to elastic critical behavior in two dimensions.
To analyze the series, denoted by (p) in general, we assume that the series has the form
where h is the critical exponent that we wish to determine, and p c is the critical point. We first transform the series in p into the series in the variable y, where
and then take Padé approximants 25 to
which should converge to Ϫh. Since we already know the critical point p c we can simply plot graphs of h versus the input ⌬ 1 and choose ⌬ 1 such that all Padé approximants give as closely as possible the same values of h. The assumption of logarithmic corrections entails fitting to the form
We fitted this form with the method of Adler and Privman. 24 The analysis of the logarithmic form involves taking Padé approximants to the series
so that H(p) goes to as p→p c . To get the exponent h, we take Padé approximants to H(p) at p c to obtain graphs of as a function of h. From our previous experience, 16, 17 the convergence of the SR series is better than el . A graph of Padé approximants from SR Љ series is given in Fig. 1 assuming the scaling form given in Eq. ͑31͒, where SR Љ is the second derivative of the series SR . All curves converge around ⌬ 1 ϭ7.50, from which we estimate hϭ␥ϩ SP ϩ2ϭ5.68Ϯ0.01 or SP ϭ1.29Ϯ0.01, where we have used the exact value ␥ϭ2.3888 . . . , 26 and the error bar is somewhat subjective. We have also tested the logarithmic corrections for the series SR and found no convergence. For the series el we have fitted the series el Ј to the form of Eq. ͑32͒. This is because there is indication 13 that the logarithmic corrections exist in the bond-bending model and from our previous series analysis for the bond-bending model we found the logarithmic corrections in the series el . We found that hϭ␥ϩ el ϩ1ϭ7.39Ϯ0.09 and ϭϪ0.5. This gives el ϭ4.00Ϯ0.09 which satisfys the relation Eq. ͑28͒. The reason that the series el gives a poor result is the following: in calculating the series el , we calculate the effective twopoint elastic resistance x,x Ј el ϳu x,x Ј /F x,x Ј between sites x and xЈ, where u x,x Ј is the displacement along r x,x Ј , the unit vector connecting sites x and xЈ and F x,x Ј is the force along r x,x Ј needed to maintain the equilibrium. Hence x,x Ј el depends on r x,x Ј which will affect the result for small systems or small clusters. Using SP ϭ1.29Ϯ0.01 and Eq. ͑26͒, we obtain f B ϭ3.96Ϯ0.01, which is the same as the bulk modulus exponent for the bond-bending model. This shows that the central-force model with the NNN interaction and the bond-bending model are in the same universality class.
In summary, we have calculated the elastic crossover exponents, SP 
